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ABSTRACT
Multi-epoch observations with ACS and WFC3 on HST provide a unique and comprehensive
probe of stellar dynamics within 47 Tucanae. We confront analytic models of the globular cluster
with the observed stellar proper motions that probe along the main sequence from just above
0.8 to 0.1M as well as white dwarfs younger than one gigayear. One field lies just beyond the
half-light radius where dynamical models (e.g. lowered Maxwellian distributions) make robust
predictions for the stellar proper motions. The observed proper motions in this outer field show
evidence for anisotropy in the velocity distribution as well as skewness; the latter is evidence of
rotation. The measured velocity dispersions and surface brightness distributions agree in detail
with a rotating, anisotropic model of the stellar distribution function with mild dependence of the
proper-motion dispersion on mass. However, the best fitting models under-predict the rotation
and skewness of the stellar velocities. In the second field, centered on the core of the cluster, the
mass segregation in proper motion is much stronger. Nevertheless the model developed in the
outer field can be extended inward by taking this mass segregation into account in a heuristic
fashion. The proper motions of the main-sequence stars yield a mass estimate of the cluster of
1.31 ± 0.02 × 106M at a distance of 4.7 kpc. By comparing the proper motions of a sample
of giant and sub-giant stars with the observed radial velocities we estimate the distance to the
cluster kinematically to be 4.29± 0.47 kpc.
Subject headings: globular clusters: individual (47 Tucanae) — celestial mechanics — astrometry
1. INTRODUCTION
Globular clusters are nature’s finest laboratory for
stellar evolution, star formation and gravitational dy-
namics, and perhaps the best studied globular cluster
is 47 Tucanane. Its proximity to Earth (about four
to five kpc, e.g. Woodley et al. 2012) along with its
richness (about one million stars, e.g. Watkins et al.
2015a) make it a prototypical globular cluster.
The segregation of stars in 47 Tucanae by mass has
been the focus of many studies (e.g. Da Costa 1982;
Anderson & King 1996; Heinke et al. 2005; Zhang et al.
2015). More recently Heyl et al. (2015b) studied the
dynamical processes occurring today in the center of
the cluster and revealed on-going mass segregation for
the first time. Heyl et al. (2015a) pinpointed the epoch
of mass loss of the stars currently becoming white
dwarfs, Parada et al. (2016) constrained the masses of
post-main-sequence stars and Parada et al. (2016) con-
strained the masses of blue-straggler stars. Here, our
primary focus will be the dynamics in a field about two
half-light radii from the center of the cluster. Unlike in
the core, dynamical relaxation should have had a minor
impact in this field. In fact, Richer et al. (2013a) and
Kucˇinskas et al. (2014) found differences in dynami-
cal states of stars among its stellar populations which
could be possibly linked to their formation mechanism.
We will examine the dynamics in 47 Tucanae in de-
tail using proper motions as we did also for an out-
lying field in NGC 6397 (Heyl et al. 2012). Starting
with Feast & Thackeray (1960), the dynamics of the
stars within 47 Tucanae have been studied extensively
(e.g. Mayor et al. 1983, 1984; Davoust 1986; Meylan
& Mayor 1986; Meylan 1988, 1989; Gebhardt et al.
1995; Anderson & King 2003; McLaughlin et al. 2006;
Lane et al. 2010; Bianchini et al. 2013; Cioni et al.
2016). Studies of outlying fields complement the work
in the cores of the clusters (e.g. Bellini et al. 2014).
In the outlying fields, relaxation times are generally
longer, so one expects that the dynamics may reflect
the ancient conditions of the cluster. Furthermore,
the angular momentum naturally can play a stronger
role in the outskirts of a cluster. From our data in
NGC 6397 we constrained the relaxation time to be
greater than or about 800 Myr (Heyl et al. 2012), much
smaller than the age of the cluster. We also found that
the proper motions and star counts are well charac-
terized by a lowered-isothermal sphere, a Michie-King
model (Michie 1963a; King 1966) with mass segrega-
tion both in position and proper motion and no ev-
idence of anisotropy. The only component that did
not fit this picture of a relaxed stellar system were the
young white dwarfs which did not yet have time to
relax (see also Richer et al. 2013b).
Most recently Bellini et al. (2017) have used proper
motions in several fields to study the dynamics of 47
Tuc. In fact, their central field and calibration field
correspond to the core WFC3 and outer ACS field in
this paper. Whereas the focus of Bellini et al. (2017) is
the rapid rotation of the cluster, our goal here is sim-
ilar to our goal in Heyl et al. (2012); we will develop
ar
X
iv
:1
71
0.
10
66
6v
1 
 [a
str
o-
ph
.G
A]
  2
9 O
ct 
20
17
2a global nearly analytic model of the dynamics and
stellar density of 47 Tucanae and focus on the details
of the observed distributions of proper motions. We
will augment the data here with wide-field photometric
data from Trager et al. (1995). Table 1 gives dynami-
cal and other data for 47 Tucanae, including some key
results from this paper. In the sections that follow, we
will outline the observations themselves in §2 and the
theoretical model to account for the stellar densities
and motions in §3. Because the stars in this field have
not yet relaxed, this model is necessarily richer than
the one that we used for NGC 6397. It must account
for both the rotation and the anisotropic velocity dis-
tribution of the cluster. §4 examines the dynamics of
the stars in the cluster both descriptively and in terms
of a model that characterizes the dynamical and pho-
tometry comprehensively. In §5 we outline the wider
implications of these results.
2. OBSERVATIONS
Our team was awarded 121 HST orbits in Cycle 17 to
image 47 Tuc (GO-11677, the right field in Figure 1).
The main science goal was to obtain photometry with
the ACS F606W and F814W filters that would go deep
enough to study the entirety of the white dwarf cool-
ing sequence. A detailed discussion of the observa-
tions and data reduction can be found in Kalirai et al.
(2012) and Anderson et al. (2008). The field is cen-
tered about 6.7 arcminutes from the core of the cluster
and is approximately circular with a diameter of five
arcminutes. There were a total of 754 exposures that
correspond to thirteen different telescope orientations
relative to the cluster, so there is no biased direction
in the proper motions. This total includes the new
observations and archival observations with both ACS
and WFC3 to determine the proper motions. Richer
et al. (2013a) describe these procedures in further de-
tail. The proper motion of each star is measured rela-
tive to the mean motion of other stars in the cluster,
so these observations are not directly sensitive to the
rotation of the cluster (c.f. Anderson & King 2003).
Figure 2 depicts the proper motions of all of the stars
in the field. Two populations are immediately appar-
ent: the larger group centered on the origin are stars
in the cluster, and the smaller group centered at about
five milliseconds per year in right ascension are stars
in the Small Magellanic Cloud (SMC) that lies in the
background of the cluster. We use stars whose proper
motion is within three milliarcseconds per year of the
mean of the cluster as our cluster sample and stars
within 1.5 mas/yr of the mean of the SMC as our SMC
sample.
Figure 3 depicts the color-magnitude diagram
(CMD) for all of the stars in the ACS field in the left-
hand panel. The right-hand panel depicts only those
stars within the dashed circle in Figure 2 and whose
proper-motion error estimate is less than 0.2 mas/yr.
This is our proper-motion-cleaned sample of the outer
region in 47 Tuc. Furthermore, we divide the sample of
47 Tuc stars into the main-sequence stars in the right-
hand box and white-dwarf stars in the left-hand box.
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Fig. 1.— The locations of stars with measured proper mo-
tions with WFC3 (green on the left) and ACS (red on the right)
superimposed on the approximate boundaries of the fields for
GO-12971 (left) and GO-11677 (right).
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Fig. 2.— Proper motions of the objects identified as stars in the
ACS field. Since we used cluster members to define the reference
frame, the zero point of the vector-point diagram corresponds to
the bulk motion of the cluster. Those stars within the dashed
blue circle comprise the sample to study 47 Tucanae. The stars
within the solid black circle comprise the sample used study the
Small Magellanic Cloud.
We do not examine the proper motions of the stars
above the turn-off. We have superimposed a model
isochrone calculated with MESA (Paxton et al. 2011)
and the stellar atmospheres of Baraffe et al. (2015)
for an age of 11 Gyr for the metallicity of 47 Tuc at
a distance of 4.7 kpc (Woodley et al. 2012) and the
interstellar absorption given in Table 1. We use this
isochrone to estimate the masses of the stars as a func-
tion of F814W.
Subsequently our team was awarded 10 HST orbits
3TABLE 1
Basic data on 47 Tucanae
Property Value Reference
Cluster center (J2000) α = 00h24m05s.71, δ = −72◦04′52′′.7 Goldsbury et al. 2010
Galactic coordinates l = 305◦.8948, b = −44◦.8893 Goldsbury et al. 2011
Apparent Magnitude Vtot = 3.95 Harris 1996
Luminosity LV = 5.0× 105d24.7L Harris 1996
Integrated colors B − V = 0.88, U − V = 1.25 Harris 1996
Metallicity [Fe/H] = −0.75 Ventura et al. 2014
Foreground reddening E(B − V ) = 0.04± 0.02 Salaris et al. 2007
Foreground absorption AV = 0.124 Cardelli et al. 1989
AF814W = 0.07 Sirianni et al. 2005
Field contamination (V ≤ 21) Σfore ≈ 1.1 stars arcmin−2 Ratnatunga & Bahcall 1985
(V ≤ 29) ≈ 9.1 stars arcmin−2
Structural Parameters:
Total Mass∗ (1.31± 0.02)× 106d34.7M This paper, § 4.4
Core Radius 22 arcseconds Trager et al. 1995
Half-Light Radius Rh = 2.9 arcminutes Trager et al. 1995
Anisotropic Michie-King Model:
Central Escape Velocity 2.95 mas/yr This paper, § 3
σ−parameter 0.72 mas/yr This paper, § 3
ra−parameter 6.1 arcminues This paper, § 3
Rotating Lupton-Gunn Model:
Central Escape Velocity 2.90 mas/yr This paper, § 3
σ−parameter 0.70 mas/yr This paper, § 3
ra−parameter 5.6 arcminutes This paper, § 3
rb−parameter 6.5 arcminutes This paper, § 3
Heliocentric distance:
Eclipsing binary 4.43± 0.17 kpc Thompson et al. 2010
Main-sequence fitting 4.47 kpc Bergbusch & Stetson 2009
White-dwarf fit 4.70± 0.04± 0.13 kpc Woodley et al. 2012
Kinematic 4.1± 0.5 kpc McLaughlin et al. 2006
4.15± 0.13 kpc Watkins et al. 2015b
4.29± 0.47 kpc This paper, § 4.6
Timescales at 6.4’:
Crossing time from proper motions τc ≈ r/σˆµ ≈ 0.7 Myr This paper, § 4.2
Relaxation time τr ≈ 26 d64.7 Gyr This paper, § 4.4
in Cycle 20 to image a wide region in the core of 47 Tuc
(GO-12971, left field in Figure 1). The main science
goal was to obtain photometry with the WFC3 F225W
and F336W filters to characterize a sample of neutrino-
cooling white dwarfs in the center of the cluster. We
also used archival images of the core of 47 Tuc taken
with WFC3 to measure proper motions in the core in
a manner similar to the outer field. Figure 4 depicts
the observed proper motions in the core of the cluster.
Again we see the dramatic distribution of proper mo-
tions of 47 Tuc stars centered on the origin along with
relatively fewer stars in the SMC. Unlike in Figure 2
the distribution here appears to be circularly symmet-
ric. The left panel of Figure 5, similar to Figure 3,
depicts the CMD of the stars in the center of the clus-
ter. Here, the stellar density is much higher, so in spite
of the relatively bright flux limit, there are many clus-
ter stars both along the white-dwarf cooling track and
the main sequence. The contamination from the SMC
is relatively mild. Regardless, we remove it through
proper-motion cleaning, leaving the CMD in the right
panel. Superimposed on the CMD is the same stellar
isochrone as in Figure 3 but in the WFC3 bands. In
these bands, the fluxes do not increase monotonically
with stellar mass, so we restrict our analysis of the
main sequence to the stars depicted with green points,
where the relationship is monotonic, and we focus on a
separate sample of subgiant stars depicted with light-
blue points.
We present the basic properties of the two samples of
proper motions in Table 2. In the outer field, we divide
the sample into the 47 Tuc white dwarfs, the 47 Tuc
main sequence stars and the stars of the SMC. Our
focus will be the proper motions of the main sequence
stars with 18 < F814W < 24, whose proper motions
are the best determined. We will study the proper mo-
tions of these stars as a function of projected radius in
§ 4.1 and as a function of F814W in § 4.2. We will
use the proper motions as a function of projected ra-
dius to constrain the theoretical model of the cluster
(§ 4.1). There are many more measured proper mo-
tions in the core of the cluster with slightly larger mea-
surement errors than in the outer field. We will study
these proper motions as a function of F336W and ra-
dius simultaneously. Neither the theoretical modeling
nor the statistical techniques that we use here are suffi-
cient to do this rich dataset justice, so we characterize
the central proper motions empirically and compare
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Fig. 3.— The left panel presents the color-magnitude diagram
for all of the stars in the ACS field. The right panel shows only
those stars whose proper motions lie within the dashed blue circle
in Figure 2. Furthermore, the boxes depict the white-dwarf and
main-sequence subsamples. The blue curve depicts a 11 Gyr-old
isochrone from MESA.
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Fig. 4.— Proper motions of the objects identified as stars in
the WFC3 field. Since we used cluster members to define the
reference frame, the zero point of the vector-point diagram cor-
responds to the bulk motion of the cluster. Those stars within
the dashed blue circle comprise the sample to study 47 Tucanae.
The stars within the solid black circle lie within the Small Mag-
ellanic Cloud.
them to the expectations from the dynamical model
constrained with the outer proper motions, leaving a
more detailed analysis for subsequent work.
3. THEORETICAL MODEL
To obtain estimates of the total mass of the cluster
and the escape velocities of individual stars, we will
rely on a theoretical model of the cluster. We will use
the model as a method of deprojecting our velocity and
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Fig. 5.— The left panel presents the color-magnitude dia-
gram for all of the stars in the WFC3 field with proper motions.
The right panel shows only those stars whose proper motions lie
within the dashed blue circle in Figure 4. Furthermore, the green
points depict the main-sequence subsamples divided into mag-
nitude bins by the horizontal lines. The light-blue points depict
the subgiant subsample. The blue curve depicts a 11 Gyr-old
isochrone.
surface density measurements to constrain the dynam-
ical properties of the cluster. This section outlines the
model. An appendix derives several useful results from
the model that further our interpretation of the data.
To model the stars in the globular cluster, we will as-
sume that the phase-space density is given by a lowered
Maxwellian distribution (Michie 1963b; King 1966)
with modifications to allow for velocity anisotropy and
rotation (Lupton & Gunn 1987),
f =
dN
d3xd3v
(1)
=ρ1
(
2piσ2
)−3/2
eωJz/σ
2
e−J
2/(2σ2r2a)
(
e/σ
2 − 1
)
(2)
where ρ1 is the normalization,  = Ψ− 12v2 is the neg-
ative of the energy of a star per unit mass. The energy
is less than zero because the stars are bound; therefore,
 is positive. The parameter σ has dimensions of veloc-
ity and sets the velocity scale for a particular group of
stars in the cluster, J2 is the square of the total angu-
lar momentum per unit mass, Jz is the z−component
of the angular momentum per unit mass, and Ψ is the
negative of the gravitational potential. For simplic-
ity, in the modeling we will assume that σ is constant
for all of the stars that we have observed and measure
the deviations from this assumption. The Lupton &
Gunn (1987) model assumes that both the total angu-
lar momentum and the z−component of the angular
momentum are integrals of the motion. This is a rea-
sonable approximation for small rotation rates, but as
the globular cluster becomes more and more flattened
5TABLE 2
Proper-motion dispersions, root-mean-squared errors, mean errors for the various subsamples
Outer Median Mean RMS f
Sample Number F814W Mass σp,x,µ σp,y,µ σˆ(µx) σˆ(µy) Error Error [%]
47 Tucanane Samples:
MS Stars (16.5 − 25) 13653 21.5 0.39 0.45 0.45 0.43 0.43 0.42 0.37 0.07 0.07 1.51
WD Stars (22.5 − 26) 133 25.0 0.53 0.77 0.76 0.99 0.97 0.71 0.88 0.16 0.17 2.77
Best MS PMs (18 − 24) 12199 21.6 0.38 0.40 0.40 0.37 0.37 0.40 0.35 0.06 0.07 1.31
Faint MS Stars (24 − 25) 603 24.3 0.12 1.06 1.05 1.11 1.11 1.08 1.13 0.17 0.17 1.27
SMC Sample:
All MS Stars 1961 23.8 0.76 0.41 0.38 0.37 0.34 0.23 0.21 0.12 0.14 14.25
Core Median Mean RMS f
Sample Number F336W Mass σp,R,µ σp,T,µ σˆµR σˆµT Error Error [%]
Sub-Giants (17.2− 18.1) 2932 17.9 0.89 0.57 0.57 0.56 0.56 0.57 0.57 0.07 0.08 0.98
Bin 1 (18.1− 18.5) 8398 18.3 0.84 0.57 0.57 0.57 0.57 0.58 0.58 0.08 0.09 1.17
Bin 2 (18.5− 19.0) 8398 18.7 0.81 0.57 0.57 0.57 0.56 0.58 0.58 0.08 0.09 1.24
Bin 3 (19.0− 19.4) 8398 19.2 0.78 0.59 0.59 0.57 0.57 0.59 0.58 0.08 0.10 1.29
Bin 4 (19.4− 20.0) 8398 19.7 0.74 0.58 0.58 0.58 0.58 0.58 0.58 0.09 0.10 1.50
Bin 5 (20.0− 24.6) 8399 20.4 0.70 0.60 0.60 0.59 0.59 0.60 0.58 0.10 0.11 1.72
The values in the columns labeled σp contain both the directly calculated population standard deviation and a value determined using
the maximum likelihood technique of Walker et al. (2006). The quantity f = 1− σˆn,true/σˆn,obs gives the relative decrease in the value
of the velocity dispersion after correcting for the uncertainty in the observed proper motions. The outer sample only includes the half
of the stars with the best measured proper motions as a function of apparent magnitude as shown by the red points in Figure 7. The
core samples have an proper-motion-error cutoff of 0.4 mas/yr. The masses of main-sequence stars are given in solar masses using
the models described in the text and assuming a distance of 4.7 kpc. The masses for the white dwarfs come from the spectroscopic
measurements of Kalirai et al. (2008). The magnitude ranges are in F814W for the outer sample and in F336W for the core sample.
by the rotation, this approximation is less and less ap-
propriate.
The definition of the distribution function includes
the condition of non-negativity, so if the value of  be-
comes positive, the value of f is assumed to vanish.
If we let the zeropoint of the energy be the value of
the gravitational potential at the tidal radius, we can
define the escape velocity from any point in the clus-
ter as v2e/2 = Ψ(r) where Ψ(r) is the negative of the
gravitational potential. This vanishes at the edge of
the cluster (the tidal surface). To calculate the density
and moments of the Lupton-Gunn distribution func-
tion requires numerical quadrature. In the appendix,
we derive several useful closed-form expressions us-
ing the less general Michie-King model or anisotropic
lowered isothermal profile (Michie 1963a; King 1966)
where ω = 0.
The velocity distribution is approximately isotropic
within the radius ra and becomes dominated by radial
orbits for r > ra. Finally, the parameter ω is the an-
gular velocity that characterizes the rotational motion.
We can also define a typical radius for the rotational
component of the motion rb = σ/2ω, yielding
f =ρ1
(
2piσ2
)−3/2
evφR/(2σrb) ×
e−(v
2
φ+v
2
θ)r
2/(2σ2r2a)
(
e/σ
2 − 1
)
(3)
=ρ1
(
2piσ2
)−3/2{
e−[(vφ−v¯)
2+v2θ ]/(2σ
2
t )e−v
2
r/(2σ
2) ×
eΦ/(2σ
2) − evφR/(2σrb)e−(v2φ+v2θ)r2/(2σ2r2a)
}
(4)
We can examine Eq. 4 in the limit where Φ  σ2
so that the first term in the braces dominates and the
distribution is still approximately Maxwellian. We see
that the stellar distribution will exhibit two different
velocity dispersions with the smaller dispersion in the
tangential direction where
σt = σ
ra√
r2 + r2a
(5)
and the azimuthal velocity (vφ) is centered around
v¯ =
1
2
R
rb
σ2t
σ
. (6)
Both the anisotropy of the velocity ellipsoid and the
mean rotational velocity increase with radius. The
second term in the braces causes the distribution of
velocities to be normal no longer. We will examine the
third moment of the velocity distribution, the skew-
ness, which appears because of the rotation; in fact
because our measured proper motions use the mean
motion of the cluster as a reference it is through this
skewness that measurements in a single field can be
sensitive to the rotation. However, when there is both
anisotropy and rotation, the skewness of the distribu-
tion (Eq. 4) is limited to values of about one tenth.
We will generally use bootstrapping of the stellar
samples to estimate the errors in our statistical quan-
tities (Heyl et al. 2012; Lupton 1993) and the robust σˆ
estimator for the velocity dispersion (Heyl et al. 2012;
Rousseeuw & Croux 1993). Because we will restrict
our samples of proper motions to those with the small-
est error estimates, the typical proper motion error of
the stars is much less than the proper motion disper-
6sion. In this limit, the maximum likelihood estimator
for the velocity dispersion introduced by Walker et al.
(2006) reduces to the difference in quadrature of the
standard deviation of observed proper motions and the
root-mean-squared of the proper motion errors for the
sample. We denote this difference the population stan-
dard deviation, σp. In Table 2 we give both the maxi-
mum likelihood value and the robust estimator for the
proper motion dispersions. The maximum likelihood
estimator is very sensitive to outliers whereas the ro-
bust estimator can tolerate up to a quarter of data
points as outliers. For the large samples, the Walker
et al. (2006) estimator and the population standard
deviation yield similar values as shown in the columns
labeled σp in Table 2. This is not surprising because
our typical proper motion errors are one-tenth the pop-
ulation standard deviation. The largest differences oc-
cur in the SMC sample where the RMS proper motion
error is about one-third of the population standard de-
viation. Because we want to be careful about outliers
and we have strong error cuts, we use the robust esti-
mator σˆ throughout (Rousseeuw & Croux 1993).
4. RESULTS
4.1. A Model for 47 Tucanae
With a sample of about 12,000 main-sequence stars
with 18 < F814W < 24 in our outer field, we sort the
stars in projected radial distance from the center of the
cluster and determine the dispersion as a function of ra-
dius as shown in the upper panel Figure 6. We only use
the stars whose proper motion errors are smaller than
the median proper motion error at the star’s observed
magnitude. That is, we use the best measured proper
motions. Each subsample consists of about 500 stars.
The confidence intervals are determined by bootstrap
resampling, and the root-mean-square error in proper
motion is subtracted from σˆ as discussed in Heyl et al.
(2012). Especially at the faint end, our sample is not
complete. However, we do not expect the completeness
rate to be a function of the proper motion of the stars.
Because we are focus wholly on the proper-motion dis-
tribution, we do not need to correct for completeness.
We calculate a grid of globular cluster models with
Ψ(0)/σ2 ranging from 7.5 to 9.5 and (ra)
−1 with spac-
ing of 0.2 and (rb)
−1 from 0 to (10 arcminutes)−1 with
a spacing of about (1 arcminute)−1. We calculate the
value of χ2 for the various models using the surface
brightness profile of 47 Tucanae from Trager et al.
(1995) and the velocity dispersions in our ACS field as
depicted in Figure 6. We use the prescription outlined
by McLaughlin & van der Marel (2005) to estimate the
uncertainties in the Trager et al. (1995) surface bright-
ness measurements and that the fractional uncertainty
in the proper-motion dispersion is 0.03. The value of
χ2 is much more strongly dependent on the value of
Ψ(0)/σ2 than the other two parameters, so we calcu-
late additional models better to determine the value of
this parameter. We also must fit for the overall scale on
the cluster in angular size, proper motion and mass-to-
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Fig. 6.— The model fits to the observed velocity disper-
sion (upper) surface brightness profile (lower). The solid lines
trace the rotating anisotropic model, the dotted lines trace the
non-rotating anisotropic model, and the dashed line traces the
isotropic model. Upper panel: The value of σˆ as a function
of projected radius calculated in this paper. Lower panel: The
surface brightness profile measured by Trager et al. (1995) in
black.
light ratio. We fit isotropic models (the standard King
model), anisotropic models (Michie-King models) and
rotating models (Lupton-Gunn models). For the rotat-
ing models, we make the simplifying assumption that
we are looking down the rotation axis of the cluster.
Bellini et al. (2017) argue that the inclination of the ro-
tation axis to the line of sight is about 30 degrees. How-
ever, within their models the proper motions are better
fit by smaller inclination angles and the line-of-sight
7TABLE 3
Model Parameters for 47 Tucanae
Model Ψ(0)/σ2 µe(0) σ ra rb χ
2/n
Isotropic 8.6 2.74 0.66 5.24
Anisotropic 8.4 2.95 0.72 6.1 1.26
Rotating 8.6 2.90 0.70 5.6 6.5 1.19
Inclined Rotating 8.6 2.87 0.69 5.6 6.5 1.20
The velocities have units of mas yr−1 and the radii have units of
arcminutes. All of the models have a total mass of approximately
1.4 × 106d34.7M. The quantity rb is given by the expression
σ/2ω and µe(0) is the value of the escape proper motion from
the center of the cluster. Smaller values of ra and rb indicate a
larger contribution from anisotropy and rotation respectively. n
is the number of degrees of freedom in the fit (about 230).
velocities by larger ones. We will compare the results
from the model with the various observations of our
outer sample in the subsections that follow. All three
classes of models can fit the surface brightness profile,
but only the anisotropic and rotating anisotropic mod-
els can fit the proper motions which are anisotropic
as apparent in Figure 2 and 6. The rotating models
yield the best fit to the velocity dispersions, but the
non-rotating anisotropic models also yield an accept-
able fit. Table 3 presents the model parameters for the
best-fitting models of the three classes. All the mod-
els yields a similar total mass for the cluster of about
1.4× 106d34.7 M.
To determine how the assumed inclination angle af-
fects the estimate of the mass of the cluster, we also
calculated a suite of models with an inclination angle
of 25 degrees. This value appears to be the best fa-
vored by the Bellini et al. (2017) proper-motion data
(see the left panel of their Figure 6). We assume that
the projection of the rotation axis onto the sky points
along the direction connecting the center of the clus-
ter with our outer field. In reality the rotation axis
is thought to point about 45 degrees south of this di-
rection (see Figure 4 Bellini et al. 2017). The results
for this model are given in the final row of Table 3.
The value of the σ parameter is slightly lower and the
model is also slightly more compact, yielding a slightly
lower mass estimate of 1.3× 106d34.7 M.
4.2. Mass Segregation in Proper-Motion
The models discussed in § 4.1 use the same value of
σ for all of the stars; therefore, the velocity dispersion
for all of the stellar populations necessarily have the
same value. Here we will examine the proper-motion
dispersion as a function of magnitude in the ACS field;
we sort the sample of about 14,000 main-sequence stars
of 47 Tucanae by apparent magnitude into subsamples
of 1,000 and the nearly 2,000 main-sequence stars of
the SMC into samples of 400 stars. We use the proper
motion of the SMC stars to determine whether our es-
timated uncertainties in the measured proper motions
are reasonable. Because these stars range in mass from
about 0.6 to 1 solar mass and furthermore the SMC
is not expected to be dynamically relaxed, we do not
expect the proper motion dispersion of these stars to
increase dramatically toward fainter magnitudes. We
also focus on the faintest stars along the main sequence
of 47 Tuc with F814W > 24. These number 603 and
are divided into samples of 200 stars. We calculate
the value of σˆ for each subsample in the projected ra-
dial (σˆµR) and tangential directions (σˆµT ). The root-
mean-squared error in the proper motion is scaled and
subtracted from each estimate of the dispersion (and
its confidence interval) in quadrature (see §3.3 of Heyl
et al. 2012, for more details).
The upper panel of Figure 7 depicts the proper mo-
tion dispersions along the direction of right ascension
(σˆµx — this is the motion across the sky not the change
in the coordinate, i.e. it has been corrected with the co-
sine of the declination) and declination (σˆµy ) for both
the stars in the SMC and in 47 Tuc — these are ap-
proximately the radial and tangential directions. The
proper motion dispersion of the bright main sequence
stars is typically about 0.4 mas/yr and exhibits sig-
nificant anisotropy. The proper motion dispersion of
the stars of the SMC is typically much smaller about
0.1 mas/yr. Fainter than F814W ≈ 24 the dispersion
of both the SMC and 47 Tuc stars increases dramati-
cally. This indicates that we may have underestimated
the proper motion errors of these faint stars because we
expect the proper-motion dispersion of the SMC stars
to be constant with stellar mass as it is not a relaxed
population. Because of this uncertainty in the quality
of the proper-motion measurements of these stars, we
have excluded the stars with F814W > 24 from our
analysis.
The lower panel of Figure 7 shows the proper motion
dispersion in the projected radial and tangential direc-
tions relative to the center of the cluster. The figure
shows that the proper-motion dispersion is nearly con-
stant, increasing slowly with fainter magnitudes along
the main sequence. We fit the observed proper mo-
tion dispersions with a power-law function of mass to
characterize the trends. For the radial proper motion
dispersion we find
σˆµR ≈ 0.37
(
M
M
)−0.096
(7)
and for the tangential dispersion
σˆµT ≈ 0.31
(
M
M
)−0.11
. (8)
The results of these fits are depicted in Figure 7 as solid
curves. We can also fit both dispersions with a common
exponent of −0.10 and in this case the normalizations
are 0.36 and 0.31 respectively.
4.3. Proper-Motion Distribution
We would like to examine not only the proper motion
distribution along the radial and tangential directions
but also the full two-dimensional distribution. To ac-
complish this we develop two new techniques to use
the proper-motion catalogues directly to obtain con-
tours of constant density (or isopleths) in proper mo-
tion. These techniques are outlined in the appendix.
The resulting contours for the main-sequence stars in
8●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
● ●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●
●
●● ●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●● ●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●●
● ●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
● ●
●
● ●
●
●
● ● ●●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
● ●●
●
●● ●
●
●
●●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●●
●
●
●●
●● ●
●
●
●
●
●
●●
●
●
● ● ●●
●
●●
●
●●
●
●
●
●
●
●
●
●
●●
●
●
● ●●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●● ●
●
●
●
●
●
●
●● ●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
● ●●●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●●
● ●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
●●●
● ●
●
●●
● ●
●●●●
●
●
●● ●●
●
●
●
●
●
●●
● ●
●●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
●
●
●
●
●●●
●
●●
●
● ●
●
●
●
●
● ●
●● ●
●●
●
●
●
●
●
●
●
●
●● ●
●
● ●
●
●
●
●
●
●
● ● ●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●
●
●
●
●
● ●
●●
● ● ●●
●
●
●
●
●
●
●●
●●
●
●
●
●
●●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ●
●● ●
●
●
●● ● ●●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
● ● ●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●● ●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●●●●
●● ●
●
● ●
●
●
● ●●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
● ● ●●
●
●
●
●
●● ●
●
●●
●
●
●
●
● ●
● ●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●●● ●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●●
●
●
●
● ●●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
● ●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ● ●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●●
●
●
●●
● ●
●
●
●
●
●
●
●
●● ●●
●
●
●
●
●
● ●
●
●
●
●
●●
●
●
●
●
● ●● ●
● ●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
● ●
●
● ●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●●●
●
●
●●
● ●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
● ●●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
● ●
●●●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ● ●
●
●●●
● ●
●
●
●
●
● ●● ● ● ●
●
●
●
●
●
●
● ●●
●
● ●
●
●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
● ●
●●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●
●
●●●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●●
●
●
●
●
● ●
●
●
●●
● ●
●
●
●
●
● ●
●●
●
●
● ●
●
● ●
●
●
●
●
●
●
● ●●
●● ●
●
●
●
● ●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
● ●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●● ●●●
● ●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●●
●
●
●
●
●
●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
● ●●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
● ●
●
●● ●
●
●
●
●
● ●
● ●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
● ●●
●
●●
●
●
●●
●●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
● ● ●
●
●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●● ●
●
●
●
●
●
●
●●
●
●
● ●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ● ●●●
●
●●
●
●
● ●
● ●
●
●
●
●
● ●
●
●
●
●
● ● ●
●
● ●
●
●
●
●
●●
●
●
●
●
●
●
●
● ●●
●
●●
●
●●
●
●●
●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
● ●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●● ●
●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
●●
●
●
●
●
●
●●
●●
● ●
●
●
●
●
●
● ●
●
●
●
●
●●●● ●
●
●● ●
●
● ●
●
●
●
●● ●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
● ●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●●●●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●●
●
●
●
●
●
●
●
● ●●●
●
●
●
●
●
●
●
●●●
●
●
●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
● ●●●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●
●● ●● ● ●
● ●
●
●
●
● ●
●
●
●
● ●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
● ●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●
●
●●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●●● ● ●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●● ●●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
● ●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
● ●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●● ●●
●
●
●
●●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●
●
●
●
● ●
●
● ●
●
●
●
●
●
●
●
●
●
●● ● ●
●
●
●
●
●
●
●
● ●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●●
●
●
●
●
● ●
●●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●● ●
●
● ●● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●● ●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●
●
●
● ●
●
●
●
●●
●
●
●
●
●
●●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●●
●●
●
●
●
●●
● ●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●●
● ● ●●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●●
●
●
●●
●
●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●●
●
●
● ●●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●●
●
●
●
●
●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
● ●●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●● ●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●● ●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
● ●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●●
●
●
●
●
● ●
●●●
● ●
●
●●
●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●●
●
●
●
●
●
●
●
●
●
●●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
● ●
●
●
●
● ●
●●
●
●
●
●
●
●● ● ●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●●
●
●
●
● ●
●
●
●
●
●
●
●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ●
●
●
● ●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●●
●
●
● ● ●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
● ●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
● ●●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
●
●
●
●
●
●
●
● ●
●
●
●
●
●●
●
●
● ●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
● ●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ● ●
●
●
●
●
●
●
●
●
●
● ●
●
●●
●
●
●
●
● ●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
● ●
●
●
● ●
●
●●
● ●
●
●
●● ●●
●
●
●
●●
●
●
●
●● ●
●
●
●
●
●
●
●●●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
● ●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
● ●
●
●
●
● ●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
● ●
●
●
●
●
●
●
● ●
●
●
●
● ●
●
●
●
●
●
●
●●
●
●●
●
● ●
●
●
●
●●
●
●
●
●● ●
●●
●
●
●
■ ■ ■
■ ■ ■ ■ ■ ■
■ ■ ■
■
■
■
■
■
■
■
▲ ▲ ▲ ▲ ▲
▲ ▲ ▲▲▲
▲ ▲
▲
▲
▲
▲
▲
▲
▲
▼ ▼
▼
▼
▼
●
●
■
▲
▼
●
0.
2
0
.4
0.
6
0.
8
1.
0
1.
2
1
.4
σˆ
µ
[m
as
/y
r]
16 18 20 22 24 26
F814W
σˆµx (47 Tuc)
σˆµy (47 Tuc)
σˆµx (SMC)
σˆµy (SMC)
■
■
■
■
■
■
■
■
■
■
■
■
■
▲
▲ ▲ ▲
▲
▲
▲
▲
▲ ▲
▲
▲
▲
➤ ❘➤
❘
➤ ❘➤
❘
➤ ❘➤
❘
➤ ❘
■
▲
0.2M⊙
0.3M⊙
0.4M⊙
0.5M⊙
0.6M⊙
0.7M⊙
0.8M⊙0
.3
0
0.
35
0.
40
0.
45
σˆ
µ
[m
as
/y
r]
17 18 19 20 21 22 23 24
F814W
σˆµR
σˆµT
Fig. 7.— Upper panel: The value of σˆ as a function of apparent
magnitude for stars in 47 Tuc and the SMC. The blue points
depict the proper-motion error estimates of all of the stars, and
the red points depict the uncertainties for the stars included
in the sample. There is a large increase in the proper-motion
dispersion of the 47 Tuc stars fainter than F814W of 24. Lower
panel: The value of σˆ and mass (from the MESA models) as a
function of apparent magnitude for 47 Tuc stars brighter than
F814W = 24. The arrows in the lower plot indicate the apparent
magnitude of stars from 0.8 to 0.2 solar masses. The solid curves
give the power-law fits for the dispersion Eqs. 7 and 8.
47 Tuc with proper-motion errors less than twice the
median proper-motion error for stars of their magni-
tude are depicted in Figure 8. For small values of the
proper motion, the gradient in the phase-space density
of stars is small, so the shape and centres of the ellipses
are poorly constrained. In general the shape of the
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Fig. 8.— The best-fitting ellipsoidal contours of equal phase-
space density as a function of the radial and tangential proper
motion
proper-motion ellipses does not depend on their area
(Figure 9). The distribution of high-velocity stars has
a similar anisotropy to that of the low-velocity stars.
Furthermore, the contours of phase-space density are
well aligned with the radial and tangential directions as
expected from the theoretical models (§3). However,
the location of the centers of the contours does ap-
pear to depend on the area of the contour. The larger
contours are centered on more positive proper motions
in the tangential direction than the smaller contours.
This results from the skewness of the velocity distri-
bution in the tangential direction. This skewness is a
signature of the rotation. It necessarily vanishes in the
non-rotating models.
The ratio of major to minor axis of the elliptical
isopleths is approximately constant within the ninety-
percent confidence regions with the area of the ellipse,
i.e. with the typical size of the proper motion. We
continue to examine the distributions in further de-
tail by looking at the one-dimensional distributions
of the proper motion along the radial and tangen-
tial directions. The differential distributions of the
radial and tangential proper motions are shown in Fig-
ure 10. Superimposed on each histogram is the best-
fitting normal distribution with zero mean. The nor-
mal distribution is fit by minimizing the Kolmogorov-
Smirnov statistic between the normal distribution and
the observed cumulative distribution of proper mo-
tions. The distribution of radial proper motions
as shown in the upper panel is well characterized
by a normal distribution with a dispersion of σ =
(0.433± 0.004) mas yr−1. We now focus on the tan-
gential distribution that exhibits a smaller dispersion
of σ = (0.381± 0.004) mas yr−1. Comparing the nor-
mal distribution with the observed differential distribu-
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Fig. 9.— The ratio of the major to the minor axis of the
isodensity contours of phase-space density.
tion of tangential proper motions shown in the lower
panel reveals a few key differences. Firstly, the ob-
served distribution exhibits heavier tails than the nor-
mal distribution (i.e. it has positive kurtosis) and the
model distributions (green) exhibit lighter tails than
the normal distribution. Secondly and more impor-
tantly, the observed distribution of tangential proper
motions is skewed toward positive proper motions as
we saw in Figure 8. (Figure 9). The model (green
curve) does exhibit a modest amount of skewness but
not as large as the data.
We divided the stars into eight radial bins each with
about 2,000 stars and performed an Anderson-Darling
test to test the hypothesis that the the radial and tan-
gential proper motions were drawn from a normal dis-
tribution. For the radial distributions the p−values
ranged from 0.01 to 0.81, indicating little evidence for
a deviation from a normal distribution. On the other
hand, the p−values for tangential distributions ranged
from 6×10−17 to 3×10−4 indicating that these proper
motions were unlikely to be drawn from a normal dis-
tribution. To study this further we calculate the skew-
ness of these distributions. Figure 11 examines the
skewness of the radial and tangential proper motion
distributions as a function of the projected radius from
the center of the cluster. We remove about 250 stars
from the sample whose observed proper motions are
likely to be larger than the local escape proper motion
from the total sample of 16,881 stars before calculat-
ing the skewness. The skewness was not used in fitting
the rotating, anisotropic model (§ 4.1), the best-fitting
model as shown by the solid lines exhibits a value of
the skewness about a factor of four lower than that
observed in the cluster proper motions. To explore
whether the large skewness exhibited by the data re-
sulted from outliers, we also used the robust medcouple
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Fig. 10.— Differential distributions of the observed proper
motions in the radial and tangential directions with the best-
fitting normal distributions (blue) and the distributions from
the models (green).
estimator of the skewness (Brys et al. 2004), and we
also found that observed skewness was typically larger
than that of the models also by a factor of about three.
4.4. The Mass of 47 Tucanae
Leonard & Merritt (1989) outlined several mass es-
timators for the open cluster M35 using the observed
proper-motions. Among these the most straightfor-
ward is
〈GMr〉 = 16
pi
〈
R
(
2
3
v2R +
1
3
v2T
)〉
(9)
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Fig. 11.— The value of the skewness as a function of projected
radius. The solid curves trace the results from the best-fitting
rotating anisotropic model. The observed skewness was not used
in the fitting process.
where vR is the component of the velocity toward the
center of the cluster and vT is the tangential velocity.
Both of these are measured in the plane of the sky.
This estimator yields
Mr = 8.36
+0.18
−0.16 × 105d34.7M (10)
within 6.4 arcminutes or 1.28+0.030.02 ×106d34.7M for the
entire cluster using the best-fitting anisotropic model
to scale the result of Eq. 10 out to the tidal ra-
dius. We have summed over all of the stars along
the cluster main sequence and excluded those stars
with proper motion errors greater than 0.4 mas/yr or
proper-motions greater than 5 mas/yr. The confidence
interval gives a ninety-percent confidence region ob-
tained through bootstrapping the sample.
By comparing the motion of the stars in two fields
on either side of the center of 47 Tuc with the motion
of the stars in the Small Magellanic Cloud, Anderson
& King (2003) estimated the rotational velocity in this
field to be about vrot = 0.267 mas yr
−1, yielding an
addition to the mass estimator,
〈GMr〉 = 16
pi
〈
R
[
2
3
v2R +
1
3
(
v2T + v
2
rot
)]〉
, (11)
and a slightly larger mass of
Mr = (9.61± 0.16)× 105d34.7M (12)
within 6.4 arcminutes or (1.31± 0.02) × 106d34.7M
for the entire cluster using the best-fitting rotating
anisotropic model to scale to the tidal radius. Using
the fit of the best-fitting rotating anisotropic model
to the proper motions yields a larger mass estimate of
1.4× 106 M (from Table 3).
We can compare the more conservative total mass es-
timate of (1.31± 0.02)× 106d34.7M with the observed
luminosity of the cluster of 5×105d24.7LV, to obtain a
mass-to-light ratio of 2.6d4.7M/LV,. This is similar
to the value of 2.4d2.53M/LV, that we found from a
similar analysis in NGC 6397 (Heyl et al. 2012).
The stellar density and velocity dispersion can pro-
vide an estimate of the relaxation time for a group of
stars (Spitzer & Hart 1971),
τr =
0.065v3RMS
3G2m∗ρ ln(0.4M/m∗)
(13)
where vRMS is root-mean-square velocity of the stars,
ρ is the mass density, M is the total mass of the clus-
ter and m∗ is the mass of a typical star (taken to be
0.39 M). Using Eq. 12 and the information in Table 2,
we obtain
τr = 2.6 d
6
4.7 × 1010 years. (14)
4.5. Stellar Escapers
Using the rotating, anisotropic model of the clus-
ter, we determine the best power-law fit to the escape
proper motion as a function of projected radius as
ve = 1.4
(
R
5 arcminutes
)−0.4
mas yr−1 (15)
where we have assumed that each star has no radial
velocity component and that each lies at the tangent
point, i.e. r = R, to yield a conservative estimate of
the escape velocity for each star. The upper panel of
Figure 12 depicts the proper motions of the stars com-
pared to the escape proper motion, and the lower panel
gives their locations on the color-magnitude diagram.
We have added the rotational velocity in the plane of
sky as observed by Anderson & King (2003) to cal-
culate the total proper motion of the stars. At the
faintest magnitudes there are many potential escapers.
However, it is at these magnitudes that the proper-
motion error estimates are suspect (see Figure 7), so we
shall focus on the 8,700 stars with 18 < F814W < 21.
In this magnitude range there are only two potential
escapers. One of them is just barely an escaper and
its proper motion error is larger than the median. The
other star clearly has a velocity much larger than the
escape velocity. However, on the color magnitude dia-
gram it lies at the intersection of the giant branch of
the SMC with the main sequence of 47 Tuc, so it may
be a member of the SMC rather than 47 Tuc.
4.6. Central Proper Motions
Because of the tendency toward kinetic energy
equipartition, more massive stars have smaller veloc-
ity dispersion than low mass ones and a more concen-
trated distribution (Goldsbury et al. 2013; Heyl et al.
2015b; Parada et al. 2016). This effect, not accounted
in our single-mass models, is expected to be particu-
larly important in the central regions of the cluster.
Figure 13 shows the velocity dispersions measured by
McLaughlin et al. (2006) and Watkins et al. (2015a).
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Fig. 12.— Upper Panel: The Proper Motions of Stars along
the Main Sequence as Compared to the Escape Proper Motion.
Lower Panel: The Location on the Colour-Magnitude Diagram
of the Potential Escapers. The blue symbols depict stars with
proper-motion errors less than the median proper-motion er-
ror at the magnitude of the star. The green symbols depict
stars with proper-motion errors greater than the median proper-
motion error. The larger squares are stars whose F814W magni-
tude lies between 18 and 21 where the proper motions are best
determined.
Our rotating model and our isotropic model overpre-
dict the central velocity dispersion. The overpredic-
tion by the non-rotating anisotropic model is more dra-
matic. The range of masses probed by the McLaughlin
et al. (2006) data is 0.65 to 0.9 solar masses and by the
Watkins et al. (2015a) data is 0.8 to 0.9 solar masses,
significantly larger than the median mass of our outer
dataset of about 0.4 solar masses. The observed ve-
locity dispersions in the core are smaller than those
expected from the model fitted with the outer model
by a factor similar to that given by the outer-mass-
segregation formulae discussed in § 4.2, Eq. 7 and 8.
The anisotropic and rotating anisotropic models both
predict the anisotropy in the observed proper motions
and of course the isotropic model does not. However,
the anisotropy both in the models and the data is mild
in the central region. The observed central velocity
dispersions were not used in the fits, but are just pre-
sented for comparison.
Because our central field is centered on the center of
the cluster, we can measure the mean proper motion
of the central stars and compare it to the mean proper
motion of the stars in the outer field, using the stars of
the Small Magellanic Cloud as a reference in both cases
to obtain an estimate of the rotation of the clusters in
the outer field relative to the inner field (Anderson &
King 2003; Bellini et al. 2017). We find that the median
tangential proper motion of the stars in the outer field
is 0.28± 0.04 mas yr−1 with ninety percent confidence
in agreement with the previous results. On the other
hand, the best fitting rotating model yields a median
tangential proper motion in the field of 0.08 mas yr−1.
Similar to the local measurements of skewness the best-
fitting Lupton-Gunn model falls short in the determin-
ing the rotation of the cluster. Even models that had
values of ω four times larger than the model that fit
the surface brightness and velocity dispersions best still
could not yield values of the skewness or rotation rate
as large as observed; furthermore, these models did
not fit the surface brightness distribution and velocity
dispersions nearly as well as the more slowly rotating
models.
We examine the central velocity dispersions further
using our WFC3 data in the core of 47 Tucanae. We
divide the stars with proper motions along the main se-
quence into five magnitude bins each with equal num-
bers of stars. We only use stars with F336W > 18.1
so we exclude the subgiant branch from our main-
sequence sample. Additionally we examine an indepen-
dent sample of sub-giant stars. The magnitude limits
of the bins are summarized in the lower portion of Ta-
ble 3. Furthermore, we divide each of these magnitude
bins into five radial bins again with equal numbers of
stars. We perform an Anderson-Darling test on the
radial and tangential proper motions within each of
these 25 bins and find that the p−values for 49 of the
50 samples exceed 0.01, indicating that there is little
evidence that the distributions deviate from normality;
therefore, we calculate the proper motion dispersion in
each bin for those stars whose proper motion errors are
smaller than the median proper motion error. We have
combined the radial and tangential proper motions in
the dispersion calculation as they do not differ from
each other significantly. The results of this analysis
are depicted in the lower panel of Figure 13 along with
the rotating anisotropic models.
We see that the proper motion dispersion depends
not only on radius but also on the magnitude of the
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Fig. 13.— Upper panel: The velocity dispersions outside of
three arcminutes are from this paper while those within three
arcminutes are from McLaughlin et al. (2006) in blue and red
and Watkins et al. (2015a) in black. Both are depicted with
ninety-percent confidence regions determined by bootstrapping
for our data and by scaling the one-sigma errorbar s for the
McLaughlin et al. (2006) and Watkins et al. (2015a) data. Lower
panel: Inner proper motions from our WFC3 UV data with the
global models and mass-segregation fits for comparison.
bin. We use the MESA models discussed in § 2 to
estimate the masses of the stars in each bin and fit the
observed proper motion dispersions with a formula of
the form
σˆµ =
[
a− b
( r
1 arcminute
)2]( M
M
)c
. (16)
This is not a self-consistent model just an empirical
fitting relation. We find a = 0.54 mas/yr, b = 0.034
and c = −0.4, and the resulting fitted curves are de-
picted as dashed lines in the figure. This is somewhat
weaker than expected from the observed mass segre-
gation in radius (Goldsbury et al. 2013) which would
yield c ≈ −0.48. It is also somewhat weaker than en-
ergy equipartition with c = −0.5. From Table 2 we see
that the median mass of the least massive bin in the
core is 0.7 M whereas the median mass of the stars
used to constrain the global model is 0.38 M.
We can place these measurements of the mass seg-
regation in the two fields in the context of the results
of Bianchini et al. (2016) who found that the velocity
dispersion measured in numerical models of globular
clusters is well characterized by a function of the form
σ = σeq ×
 exp
[
1
2
meq−m
meq
]
if m < meq(
m
meq
)−1/2
if m > meq
. (17)
More crucially for our purposes the relation exhibits
the following logarithmic derivative of velocity disper-
sion with mass
d lnσ
d lnM
=
{ − 12 mmeq if m < meq
− 12 if m > meq
. (18)
In both fields the power-law dependence with mass is
weaker than −0.5. This yields an estimate of the value
of meq in the two fields. In the outer field we have
d lnσ/d lnM ≈ −0.1 and a median mass of 0.4 so-
lar masses, giving meq ≈ 2 M. In the inner field,
the typical masses are about two times larger but the
power-law index is four times larger, yielding meq of
about one solar mass.
Furthermore, we can compare the proper motion
dispersion near the center of the cluster with the ra-
dial proper motion dispersion measured by McLaugh-
lin et al. (2006) of 11.6 ± 1.3 km s−1 (ninety-percent
confidence). McLaughlin et al. (2006) restricted their
radial velocity sample to stars with 11 < V < 14
and projected distances from the center of less than
105 arcseconds. This sample of stars is dominated
by the horizontal branch stars whose mass is about
0.905 M according to our stellar models. We assume
following the results of Heyl et al. (2015a) and Parada
et al. (2016) that little mass is lost before the hori-
zontal branch. We use the entire sample of subgiants
to determine the one-dimensional proper motion dis-
persion of 0.57 ± 0.01 mas/yr with a ninety-percent
confidence interval in agreement with the results of
Watkins et al. (2015a). The mass of this sample is
about 0.89 M, only slightly lower than that of the
horizontal branch stars, so the expected proper mo-
tion dispersion of the horizontal branch stars would
only be smaller by one percent if we use the measured
scaling of Eq. 16. This yields a kinematic distance of
4.32 ± 0.47 kpc with ninety-percent confidence where
the uncertainty is dominated by the published uncer-
tainties in the measurement of the radial velocity dis-
persion. On the other hand if we assume that the hor-
izontal branch stars have a mass of 0.7 M (Salaris
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et al. 2016), we can use the stars of Bin 5 in Table 2
to estimate the proper motion dispersion of this pop-
ulation at 0.59 ± 0.01 mas/yr yielding a distance of
4.15± 0.45 kpc.
5. DISCUSSION
We have used a catalog of over 60,000 proper mo-
tions in the globular cluster 47 Tucanae to develop a
global dynamical model of the cluster and examine the
detailed properties of the observed distributions as a
function of position and stellar mass. Our sample con-
sists both of proper motions in the core and proper
motions in a field well beyond the half-light radius.
Our work in NGC 6397 (Heyl et al. 2012) and Varri
& Bertin (2012) in omega Centauri are other studies
of a globular cluster that have analyzed proper mo-
tions in an outlying field, and this study complements
the recent study of Bellini et al. (2017) that also com-
bines observations in the core and outlying fields for
47 Tuc. In NGC 6397 we did not find strong evidence
for anisotropy even though this is expected to more ev-
ident further out in the cluster. This agreed with our
measurement of the mean relaxation time of stars the
field of about 1 Gyr. The much richer globular clus-
ter 47 Tuc results in stars with much longer relaxation
times in our outer field and both anisotropy and rota-
tion are manifest in the proper-motion distribution.
5.1. Dynamics
Bianchini et al. (2013) fit the rotating models of Varri
& Bertin (2012) to 47 Tuc but their proper motion
sample only extended to 1.5 arcminutes from the cen-
ter, so they do not see evidence of anisotropy or rota-
tion within the proper motions. Subsequently Bellini
et al. (2017) fit rotating models to the proper mo-
tions in several fields with 47 Tuc. In our samples
the anisotropy and rotation in our outer ACS field are
apparent from the proper motion diagram, Figure 2.
On the other hand within the central WFC3, both
anisotropy and the effects of rotation are apparently
absent in Figure 4. To account for both the rotation
and the anisotropy we use a Lupton-Gunn (1987) ro-
tating globular cluster model to describe the cluster.
This model best accounts for both the proper-motion
dispersion in our outer ACS field and for the surface
brightness profile. We did not use the skewness of the
proper-motion distribution to fit the models; we find
that the best-fitting model generates a skewed distribu-
tion of tangential velocities but the skewness and the
mean of the observed velocities are larger than that
in the models. Increasing the assumed inclination of
the model would reduce the predicted mean rotational
velocity in the plane of the sky not increase it, so we
conclude the cluster is rotating too fast for the Lupton-
Gunn model to be applicable at this level of precision.
We found that the proper-motion dispersion depends
weakly on stellar mass with σˆµ ∝M−0.10.
When this model is extended into the center of the
cluster, we find that the observed proper motions both
in the literature and our measurements (Figure 13) are
smaller than the expectations from the model. The
median mass of the stars in our inner WFC3 proper
motion sample are about twice that in our outer ACS
field. We argue that the mild mass segregation ob-
served in our outer field could be responsible for the
observed decrease in the central proper-motion disper-
sion relative to the models. Furthermore, we find that
the core proper motions depend more strongly on mass
with σˆµ ∝ M−0.40. Here the relaxation time has been
measured to be about 35 Myr (Heyl et al. 2015b), so
we expect the proper motions to be more relaxed here
than in the outer field.
5.2. Properties
Because the ACS field lies well beyond the half-
light radius of the cluster, the measurements yield
an estimate for the total mass of the globular clus-
ter with only modest extrapolation. Our mass even
as measured in the model independent dynamical esti-
mators, (9.61± 0.16) × 105d34.7M within 6.4 arcmin-
utes, is larger than that in the literature (e.g. Bian-
chini et al. 2013, (6.23± 0.04) × 105M) for the en-
tire cluster. The total mass that we estimate for the
cluster of (1.31± 0.02) × 106d34.7M yields a mass-to-
light ratio of 2.6d4.7M/LV,. This is similar to the
value of 2.4d2.53M/LV, that we found from a simi-
lar analysis in NGC 6397 (Heyl et al. 2012). However,
it is much larger than the value determined by Bian-
chini et al. (2013) of 1.69± 0.13M/L,V . If we scale
our mass and mass-to-light ratio to the kinematic dis-
tance of Bianchini et al. (2013) of 4.1 kpc, we obtain
(8.6± 0.02) × 106d34.1M yields a mass-to-light ratio
of 2.5d4.1M/LV,, still substantially larger than their
values. Their result did not include kinematics at large
distances from the center of 47 Tuc, but rather requires
an extrapolation of the mass density observed in the
core to large radii using a model constrained by the
surface brightness or stellar column density.
To estimate the distance to 47 Tuc without extrapo-
lation, we create a sample of sub-giant and giant stars
and measure their proper motions using ultraviolet
images in the core where the effects of rotation and
anisotropy are minimized. Furthermore, this sample
is only slightly less massive (1.5%) than the stars for
which the radial velocity dispersion has been measured,
so the correction for the measured mass segregation is
less than one percent. Our distance of 4.32± 0.47 kpc
is larger than previous kinematic estimates (McLaugh-
lin et al. 2006; Watkins et al. 2015a) because we have
attempted to restrict our kinematic sample to stars
very close in mass to the stars observed for the radial
velocities. We could achieve this by using photome-
try in the ultraviolet where even a portion of the gi-
ant branch is not saturated, so precision astrometry is
possible. Because we expect the stellar velocities to
decrease with increasing mass, using a more massive
sample for the proper motion yields a larger distance
estimate. This reduces the tension with the distance
of 4.7 kpc that we have adopted in this paper as de-
termined from white dwarfs (Woodley et al. 2012). In
fact this new kinematic distance agrees with the white
dwarf distance within the ninety-percent confidence re-
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gion. The agreement with the distance determined
from main-sequence fitting (Salaris et al. 2007; Berg-
busch & Stetson 2009), the tip of the red-giant branch
(Bono et al. 2008) and the analysis of eclipsing bina-
ries in the cluster (Kaluzny et al. 2007; Thompson et al.
2010).
The research discussed is based on NASA/ESA Hub-
ble Space Telescope observations obtained at the Space
Telescope Science Institute, which is operated by the
Association of Universities for Research in Astronomy
Inc. under NASA contract NAS5-26555. These obser-
vations are associated with proposals GO-11677 and
GO-12971 (PI: Richer). This work was supported
by NASA/HST grants GO-11677 and GO-12971, the
Natural Sciences and Engineering Research Council of
Canada, the Canadian Foundation for Innovation, the
British Columbia Knowledge Development Fund. It
has made used of the NASA ADS, arXiv.org and the
Mikulski Archive for Space Telescopes (MAST).
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APPENDIX
Analytic results for anisotropic phase space distributions— We can make substantial progress finding closed-form
expressions using the Michie-King model or anisotropic lowered isothermal profile (Michie 1963a; King 1966)
f = ρ1(2piσ
2)−3/2e−J
2/(2r2aσ
2)
(
e/σ
2 − 1
)
(1)
if  = Ψ − 12v2 > 0 and zero otherwise; Ψ is the gravitational potential, σ is a characteristic velocity dispersion
and ρ1 is a characteristic density.
Let us define slightly more general distribution function as follows
f ′ =
dN
d3xd3u
= ρ1(pi)
−3/2e−αu
2
t−γu2r
(
eu
2
0−u2r−u2t − 1
)
(2)
where we have made the following changes of variables, u20 = Ψ/σ
2, u2r + u
2
t = v
2/(2σ2) and α = r2/r2a.
Integrating this distribution function over velocity yields the density distribution
ρ=
ρ1
(α+ 1)(α− γ)
[
erf (u0
√
γ)
(α+ 1)γ − α√γ + α2
α
√
γ
+ erf
(
u0
√
γ + 1
)
eαu
2
0
α− γ√
γ + 1
+ (3)
2F
(
u0
√
α− γ) e−γu20√α− γ
α
√
pi
]
where F (z) is Dawson’s integral,
F (z) = e−z
2
∫ z
0
ey
2
dy. (4)
Although this distribution function is more general than the original distribution function (Eq. 1), the resulting
density has the following very useful properties,
〈v2t 〉 = −2σ2
(
d ln ρ
dα
)
and 〈v2r〉 = −2σ2
(
d ln ρ
dγ
)
. (5)
Furthermore, all of the even moments can be expressed in terms of derivatives of the density; the odd moments
vanish by symmetry.
For example if we calculate these values for α = γ = 0, we obtain the classic results
dρ
dα
= 2
dρ
dγ
=
2u0√
pi
(
1 +
2
3
u20 +
4
15
u40
)
− eu20erf(u0). (6)
The one-dimensional radial velocity dispersion is one-half of the two-dimensional tangential velocity dispersion, so
the velocity distribution is isotropic. We recover the results for Eq. (1) by substituting for u and α = r2/r2a,
ρ=
ρ1r
2
a
r2 + r2a
{
erf
(√
Ψ
σ
)
eΨ/σ
2
+
2√
pi
[
r3a
r3
F
(
r
ra
√
Ψ
σ
)
−
√
Ψ
σ
(
1 +
r2a
r2
)]}
. (7)
where F (z) is Dawson’s integral.
In the limit of ra →∞ taking the first two terms in the Taylor series for Dawson’s integral recovers the standard
King model
F (z) = z − 2
3
z3 +
4
15
z5 +O (z7) . (8)
Furthermore, we can express the velocity moments in terms of Dawson’s integral as well
ρ〈v2r〉=
ρ1σ
2r2a
r2 + r2a
{
erf
(√
Ψ
σ
)
eΨ/σ
2 − 2r
5
a
r5
1√
pi
F
(
r
ra
√
Ψ
σ
)
+ 2
√
Ψ
σ
1√
pi
[
r4a − r4
r4
− 2
3
Ψ
σ2
r2 + r2a
r2
]}
. (9)
and
ρ〈v2t 〉=
ρ1σ
2r4a
(r2 + r2a)
2
{
2erf
(√
Ψ
σ
)
eΨ/σ
2
+
1√
pi
F
(
r
ra
√
Ψ
σ
)[
2
ra
r
Ψ
σ2
r2a + r
2
r2
+
r3a
r3
5r2 + 3r2a
r2
]
− 1√
pi
√
Ψ
σ
(
3r4a
r4
+
5r2a
r2
+ 2
)}
. (10)
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Analytic results for rotating, anisotropic phase space distributions—
Isopleths from catalogues— An isopleth is a contour of constant density. Rather than create images from the star
catalogues, we use the catalogues themselves to generate isopleths. If we limit ourselves to elliptical isopleths we
can follow the following iterative procedure,
x0→x0 + 0.2 1
N
∑
(xi − x0), y0 → y0 + 0.2 1
N
∑
(yi − y0), a→ Fa, b→ F−1b and θ → θ + ∆θ
where
F = exp
0.5∑
i
1
r2i
[
2
δx2R
r2i
− 1
][∑
i
1
r2i
]−1 , ∆θ = 0.05∑
i
1
r2i
[
2
δxRδyR
r2i
] [∑
i
1
r2i
]−1
(11)
and
δxR = (xi − x0) cos θ − (yi − y0) sin θ, δyR = (xi − x0) sin θ + (yi − y0) cos θ, (12)
r2i = (xi − x0)2 + (yi − y0)2. (13)
The iteration preserves the area enclosed of the elliptical isopleth while minimizing the variation in the surface
density along the isopleth. This is similar in spirit to iteration defined by Jedrzejewski (1987). The summations
are performed over all stars in the catalogue such that
0.81 <
(
δxR
a
)2
+
(
δyR
b
)2
< 1.21. (14)
A second equivalent way to define the isopleth is to find the region that contains the most stars for a given area.
Although this seems to be based on the global properties of the stellar distribution, by Green’s theorem this
procedure results in a curve on which the surface density is constant. Let’s calculate the number of stars over the
region ∫
D
Σ(x, y)dxdy =
∫ 1
0
P (x, y)x˙+Q(x, y)y˙dt (15)
where x(t) and y(t) define the boundary of the region and
Σ(x, y) =
∂P
∂y
− ∂Q
∂x
. (16)
The area can also be written in terms of an integral around the boundary
A =
1
2
∫ 1
0
dt (xy˙ − yx˙) . (17)
Combining these results yields the following integral to extremize
L =
∫ 1
0
dt
[
P (x, y)x˙+Q(x, y)y˙ + λ
(
1
2
xy˙ − 1
2
yx˙−A
)]
. (18)
where λ is a Lagrange multiplier and A is the area of the contour that we would like to keep fixed. Applying
Lagrange’s equation for the x-coordinate of the boundary yields
d
dt
∂L
∂x˙
− ∂L
∂x
= 0 (19)
∂P
∂x
x˙+
∂P
∂y
y˙ − 1
2
λy˙ − ∂P
∂x
x˙− ∂Q
∂x
y˙ − 1
2
λy˙= 0 (20)(
∂P
∂y
− ∂Q
∂x
− λ
)
y˙= 0 (21)
so the constant Lagrange multiplier λ equals Σ(x, y) along the boundary. The boundary of a region of given area
that maximizes the number of stars within is an isopleth. Lagrange’s equations for the y-coordinate yield the same
result. For elliptical isopleths the iterative procedure is typically faster and yields smaller errors as calculated by
bootstrapping the star catalogues. The two methods agree within their respective confidence regions. The second
technique although more computationally expensive is more flexible and allows general shapes for the isopleths.
